UNIVERSAL FORMULAS FOR CHARACTERISTIC CLASSES ON 
THE HILBERT SCHEMES OF POINTS ON SURFACES 

SAMUEL BOISSIERE AND MARC A. NIEPER-WISSKIRCHEN 

Abstract. This article can be seen as a sequel to the first author's article 
"Chern classes of the tangent bundle on the Hilbert scheme of points on the 
affine plane" , where he calculates the total Chern class of the Hilbert schemes 
of points on the affine plane by proving a result on the existence of certain 
universal formulas expressing characteristic classes on the Hilbert schemes in 
term of Nakajima's creation operators. 

The purpose of this work is (at least) two-fold. First of all, we clarify 
the notion of "universality" of certain formulas about the cohomology of the 
Hilbert schemes by defining a universal algebra of creation operators. This 
helps us to reformulate and extend a lot of the first author's previous results 
in a very precise manner. 

Secondly, we are able to extend the previously found results by showing 
how to calculate any characteristic class of the Hilbert scheme of points on the 
affine plane in terms of the creation operators. In particular, we have included 
the calculation of the total Segre class and the square root of the Todd class. 

Using this methods, we have also found a way to calculate any characteristic 
class of any tautological sheaf on the Hilbert scheme of points on the affine 
plane. This in fact gives another complete description of the ring structure of 
the cohomology spaces of the Hilbert schemes of points on the affine plane. 



Contents 

1. IntroductiorJ 2 

2. NotatioiJ 3 

2J_^_Coni ]3]£l^ graded super-ringgl 3 

2.2. PartitiongI 4 

2^^^^1i£_S}amii£tri^^ 4 

2j4^_^omgk5^jmnifo]^ 5 

3. Characteristic classes| 5 

3.1. Marked complex manifoldsl 5 
3j2^_Chara£teri^ti£_£bsseg 6 

MultipUcative cla^ ^e^ 7 

4. The Hilbert schemes of points on surfacesi 9 
4J~^VakaUina^r'creati^irTO 9 

4.2. Hilbert schemes of marked complex surfacesi 11 
S^^niycrsaT^rmulasI 13 

The Hilbert scheme of the affine plan^ 16 

A22en^b^_A^^ja^raji£ g_j^ 21 

^pendi^^^^Twt^lrebrai^dmMtic^ 22 

ReferencesI 24 



Date: February 8, 2008. 

2000 Mathematics Subject Classification. Primary 14C05; Secondary 14C17. 

Key words and phrases. Hilbert schemes of points, characteristic classes, universal formulas. 



1 



2 



SAMUEL BOISSIERE AND MARC A. NIEPER-WISSKIRCHEN 



1. Introduction 

The Hilbert scheme of n points on a complex surface X (see or for the 
non-algebraic case) parametrises the zero-dimensional subspaces of length n on X. 
It is denoted in this text by X^"!. By a result of Fogarty (0), it is smooth of 
dimension 2n. The vector space structure of its rational cohomology ring has been 
calculated by Gottsche (0), i-e. he calculated the Betti numbers. His formulas can 
be a given a particularly nice form if one considers all Hilbert schemes at once, 
i.e. if one studies HilbX := H„>oX["l. Nakajima (^21) and Grojnowski (f^) were 
led by this result to the construction of certain operators (J„(q!) and p„(a) on the 
cohomology HqX of HilbX that are part of a vertex algebra structure (see [HI). 
Here a is a cohomology class on the surface X and n is a positive integer. The 
upshot of this construction is that every cohomology class in HqX can be given 
as an application of a polynomial in the (?„(«) on a certain element |0) in HqX, 
called the vacuum. In the case of the afhne plane, i.e. X = C^, this leads to 
the isomorphism HqC^ ~ Q[[pi,p2, • • • ]], the power series ring in infinitely many 
variables, as vector spaces (not rings!). 

Each sheaf on X gives rise to a sheaf on each X^"!, called a tautological 
sheaf. One can ask what the total Chern classes of these sheaves in terms of 
polynomials in the (7„(q;) applied to the vacuum are. Lehn gives in 9 a closed 
formula for the case that J- is an invertible sheaf. 

Another natural sheaf on the Hilbert schemes is given by the tangent sheaf. 
The first author has started to attack the problem of expressing the total Chern 
classes of these tangent sheaves in terms of the q„ (a) in P| . It turns out that these 
expressions do not really depend on the surface X (or the invertible sheaf J^) but 
only on some algebraic invariants of X and J-' (namely more or less their Chern 
classes). Thus one can say there are universal formulas governing the Chern classes 
of the tautological and the tangent sheaves. Unfortunately the coefficients in these 
universal formulas are not known in a closed form for the case of the tangent sheaves 
of the Hilbert schemes on an arbitrary surface (or the tautological sheaves of a sheaf 
that is not of rank one). However, when one specialises to X = C^, the affine plane, 
there is a closed formula for the total Chern class of the tangent sheaves on the 
Hilbert schemes over X (expressed as elements in the ring Q[[pi,p2, ■ • ■ ]]), which is 
the main result of 2 . 

This article builts upon these results. We clarify what is meant by universality 
of certain formulas by introducing a universal algebra of operators together with an 
evaluation map for each surface X that specialises these operators to the operators 
qn{a). Equipped with this machinery, we easily rediscover the results of 2 that 
state how certain formulas have to look like. 

We improve the methods that were used in ^ to calculate the total Chern classes 
of the tangent sheaves QxM oi the Hilbert schemes of points on the affine plane 
to be able to calculate all multiplicative classes of QxMy i-e- the total Segre class 
or Todd class. Given a multiplicative class 7 = Hi^i fi^i) where the Xi are the 
(universal) Chern roots and / G 1 + is a power series with coefficients in a 

ring R, one of our main results states that 

^7(e(c2)H) = exp ^ 

n>0 \fc>l / 

where the power series g = E„>i.9ni" is defined by |f (7(^)7(3^) = f{x)f{~x). 
As every characteristic class appears in a sufficiently general multiplicative class, 
one can use this result to calculate effectively all characteristic classes of the sheaves 

0(C2)["1- 
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As mentioned before, Lehn has calculated the total Chern classes of the tauto- 
logical sheaves in the rank one case. We are able to extend his result to arbitrary 
multiplicative classes in the case of the afhne plane (where there are only the tau- 
tological sheaves of the structure sheaf). Our second main result states that 



explained in the last section of this article, one can use this result to effectively 
calculate the cup-product in HijC^ ~ R[[pi,p2, ■■■]]■ 

It is remarkable that these formulas for the case of the affine plane do also 
give partial results for the characteristic classes of the tautological sheaves and the 
tangent sheaves of the Hilbert schemes of points on any surface by virtue of the 
universality and uniqueness of the involved formulas. This is explained in the main 
text. 

Let us outline the structure of this article. The first of the sections that fol- 
low is dedicated to the introduction of some notations and notions that are used 
throughout the text. 

The third section gives some general results on (multiplicative) characteristic 
classes. As we want to discuss characteristic classes of the tangent sheaf of a 
complex manifold and characteristic classes of bundles on it uniformly, we introduce 
the notion of a marked complex manifold {X, a) , where X is a, complex manifold 
and a is a cohomology class on X. In the applications, a will often by the Chern 
character of a sheaf on X, from which all other characteristic classes can be built. 
We introduce the ring of all (virtual) marked complex manifolds. 

In the fourth section, we come to the Hilbert scheme of points on a surface. We 
give the definition and the construction of one half of Nakajima's operators (the 
half that interests us). It ends with defining the notion of a Hilbert scheme of a 
marked complex surface and explaining that the Hilbert scheme operation is like an 
exponential mapping from the abelian group of (virtual) marked complex surfaces 
to the ring of all (virtual) marked complex manifolds. 

The fifth section is devoted to the universality of certain formulas, which has 
already been stated in [2]. Here, we add the remark that the universal expressions 
for multiplicative classes evaluated on the Hilbert schemes are unique, which makes 
it possible to get results for the general case from specific results on the Hilbert 
scheme of points on the afline plane. 

The last section contains the two main results in that have been stated above. 
An algebraic identity that is used in the proof of these two theorems (and that 
makes it possible to generalise the result of |2] where hypergeometric methods were 
used instead), can be found in the appendix together with a certain form of the 
Lagrange Inversion Theorem, that is used to give our results a nice form. 



2.1. Completed graded super-rings. By a (unital) super-ring R we understand 
a Z/(2)-graded unital ring that is commutative in the graded sense. In particular 
R comes with a decomposition R = Rq(B Ri such that in particular Rq is a subring 
and Ri is a module over Rq. The elements in Rq are the even elements (or elements 
of even parity) and the elements in i?i are the odd ones. 

Let R be such a super-ring. A grading on R is a decomposition R = ©„>g R"" 
of R into subgroups such that i?" for n even consists entirely of even elements and 
i?" for n odd consists entirely of odd elements. We require further that i?™ • i?" C 



n>0 \n>i / 

where this the power series g = J2n>i defined by ^ 




(tF^t) = As 
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^m+n ^ super-ring with a grading is a graded super-ring. The elements in i?" are 
the homogeneous elements of degree n. 

A completed graded super-ring i? is a super-ring R that comes with an inclusion 
R C R oi a, graded super-ring R such that R is the /-adic completion of R with 
respect to the ideal / := 0„>q -R"- 

An ordinary ring R becomes trivially a completed graded super-ring by choosing 
the grading i? = For example, we may view Q as a completed graded super- 
ring. Every graded super-ring can be made into a completed graded super-ring by 
passing to its completion with respect to the ideal generated by the elements of 
positive degree. 

All of the rings that occur in this article will be completed graded super-ring. In 
order to simplify notions, we will sloppily call these completed graded super-rings 
just rings. It frequently happens that a construction, e.g. the tensor product, does 
not yield a completed graded super-ring but just a graded super-ring. In these 
cases, it is to be understood that one has to implicitely pass to the completion. In 
other words, "tensor product" will always mean "completed tensor product" , etc. 

For the rest of this paper, R will be a ring, i.e. a completed graded super-ring. 

Let us mention that there are the obvious notions of modules and algebras over 
completed graded rings. We will make heavy use of them. One example will be 
the cohomology ring H*{X, R) of a complex manifold X. It is an i?-algebra (in the 
above sense) with the grading 0p+g>o Hp{X,R'^). 

Given an i?-module M and a natural number / e Nq, we denote by M[—l] the 
i?-module whose grading is given by 



m-nr = 



M"-' forn > ; 
otherwise. 



2.2. Partitions. By P, we denote the set of partitions of the positive natural num- 
bers, i.e. non-increasing finite sequences (Ai, .... A„ ) of positive natural numbers. 
We view the non-zero natural numbers N as a subset of P by considering a number 
n e N as the trivial partition (n) of itself. 

Given a partition A = (Ai, . . . , A^) € P, we call 

|A| :=r 

the length of A and 

||A|| := Ai + --- + A, 
the weight of A, i.e. a partition A of weight n is a partition of n. 

2.3. The symmetric algebra. Let M be an i?-module. We denote by SrM its 

(completed) symmetric algebra (symmetric in the super-sense, of course), i.e. SrM 
is the free i?-algebra (in our category of completed graded commutative unital 
super-i?-algebras) generated by M. It carries a natural decomposition 

DC 

SrM = II SliM 

fe=0 

with S^M = R and Sj^M = M. Given an element q G SrM, we can write 

oo 

q = ^qk 

with each qh G S^M. For each n e i?, we set 



k=0 
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2.4. Complex manifolds. By we denote the complex manifold without any 
point. By * we denote the zero-dimensional complex manifold with exactly one 
point. 

For each complex manifold X, let 6x be its tangent sheaf. 
Given any coherent sheaf on X, its Chern character in H^*{X, Q) C H*{X, R) 
is denoted by ch(^). It decomposes as 

oo 

ch(^) = ^ch„(JF) 

rt=0 

with chn{!F) being of degree 2n. 

Given a product X x Y oi two complex manifolds X and Y , we usiially identify 
the cohomology space H*{X x Y, R) with the tensor product H*{X, R)(^iiH*{Y, R) 
given by Kiinneth's theorem. 

3. Characteristic classes 
3.1. Marked complex manifolds. 

Definition 1. A marking a (over R) on a complex manifold X is an element 

a e H*{X, R). 

A marked complex manifold {X,a) is a complex manifold X together with a 

marking a on X. 

A morphism f : {X, a) (Y, (3) between marked complex manifolds {X, a) and 
{Y, (3) is a holomorphic map f : X ^ Y such that /* (/?) = a. 

Given a marking a on a complex manifold X, we write 

oo 

Q = y^an 

n=0 

with a„ e 0p_|_q=„ HP{X, J?') being the component of a of (total) degree n. 

Definition 2. Let {X, a) and (Y, (3) be two marked complex manifolds. 
Their sum {X, a) + {Y, (3) is given by 

(XnF,ua + i,/3), 

where i : X ^ XJIY and j -.Y ^ X\1Y are the natural inclusion maps. 
Their product {X, a) ■ {Y, /3) is given by 

{X X Y,p*a + q*p), 

where p: X xY ^ X and q: X xY ^Y are the natural projection maps. 

Remark 1. The neutral element with respect to the sum is the marked complex 
manifold (0,0). The neutral element with respect to the product is the marked 
complex manifold (* , 0) . We thus may speak of the commutative semiring of marked 
complex manifolds. 

Remark 2. By formally adding additive inverses, we may turn this semiring into 

the "ring" of (virtual) marked complex manifolds. The word "ring" is in quotation 
marks as this "ring" is a proper class and not a set. By tensoring this ring with 
any other ring S, we arrive at the 5-algebra of marked complex manifolds, i.e. we 
can study formal S-linear combinations of marked complex manifolds. All the 
constructions for marked complex manifolds that will follow also extend to this 
formal combinations. 
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3.2. Characteristic classes. We define the ring 

Ub. := R[Po,Pi,P2, ■ ■ ■,ba,bi,bi, . . .] 

with the grading defined by degp; = 2i and deg6i = 2i. (Note that this ring is in 
fact a power series ring as we have to implicitely complete it.) 

Definition 3. The i?-algebra Ur is the ring of characteristic classes of marked 
complex manifolds over R. 

The reason for giving this name to the ring is the following: Given a marked 
complex manifold {X, a), there is a unique homomorphism 

Ur^H*{X,R), 7^7l(x,a) 

of i?-algebras with 

Pi\ix,a) = chi{Qx) and bi\(x,a) = ■ 

We set 

00 00 
ch := and ^ ^ bj/2. 

1=0 j=0 

Then ch|(jf_„) — ch(6j!f ) and b\i^x.a) = ct- 

Definition 4. The element ch e Ur is the universal Chern character^ the element 
h £Ur\s the universal marking. 

Lemma 1. Let 7, 7' G Ur with ^\{^x,a) = l'\(x,a) for all marked complex manifolds 
Then J — Y . 

Proof. This result is well-known for complex manifolds without markings, you may 
consult 0. 

It is enough to consider the case that 7 and 7' are sums of homogeneous elements 
of degree n G N or less. The general case then follows by passing to the limit. Let 
us also assume for a moment that 7 and 7' do not contain po and bo. 

Consider the (compact) complex manifold 

X Gfc(C"+'^') X C'-/Z^\ 

which is the product of the Grafimannian of /c-dimensional subspaces in C""*"*^ and 
an r-dimcnsional torus with r,k ^ 0. Recall that the rational cohomology of the 
GraBmannian is freely generated up to degree n by the components chi , ch2 , . . . , ch^ 
of the Chern character of its tangent bundle. Further, we have Wp {C^ / 7?"^ , R) = 
A^(C'"), so we find cohomology classes ai, 0:2, . . . , a„ in the cohomology of the 
torus that are algebraic independent up to degree n, provided r is big enough. 
These classes define a marking a on X. 

By these freeness results, we find that 7|(x,q) = l'\{x,a) implies 7 = 7'. 

It remains to consider the more general case with po and 60 appearing in 7. For 
this, consider 7 as a polynomial 7(^0,^0) in Po and b^. Let {X,a) be any marked 
complex manifold. From this, we construct for each pair r, s G Z a new marked 
complex manifold (Xx C/Z^*", a+s) with a+s being the image of a+s S H*{X, R) 
under the inclusion map 

H*{X, R) -^H*{X X C'- IT?\ R) ~ H*(X, R) ®r IT?\ R), v^v(E)1. 

By virtue of this embedding, we consider H* {X, R) as a subspace of the cohomology 
ring H*{X x C/Z^*", i?). Then we can formulate: 

7l(XxC'-/z2^Q+s) = 7(Po + r, 60 + s)\(Xm)- 
The same equation holds true for 7' in place of 7. Thus, we have 
l{po + r,bo + s)\(x,a) = 1' [Po + r,bo + s)\ ■ 
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Expand both sides in powers of po + r and bo + s, e.g. 

7(po +r,bo + s)|(x,a) = X] 7z,m(Po + r-)'(6o + 

!,m>0 

with certain coefficients 7;,^ € t^fl that do not contain po and 60 • We get a another 
expansion with 7 replaced by 7'. By comparing coefficients, it follows that 

for all I, m, > 0. By the previous result on the case where po and 60 do not appear, 

we get 7;^m = 7;'„j and therefore 7 = 7'. □ 

Remark 3. Each characteristic class 7 S [//{ is "additive" in the following sense: It 
is 

7l(0,o) = 

and 

l\{X,a) + {Y,l3) = i*l\{X,a) + j*7l(F,/3) 

in H*{X U Y, R) for all marked manifolds {X, a) and (F, /?). 

3.3. Multiplicative classes. On the other hand, not every class is multiplicative 
in the following sense: 

Definition 5. A characteristic class 7 e Ur is multiplicative if 

7l({*},0) = 1 

and 

7l(X,a)-(Y,/3) =P*l\{X,a) «*7| (F,/3) 

in H*{X xY,R) H*{X,R) ®r H*{Y,R) for all marked manifolds {X,a) and 
{Y, (3). Here as before, p and q denote the two projections from X xY onto its two 
factors. 

To describe all multiplicative classes, we have to consider the ring 

^[Ai, A2, . . .] 
with degAj = 2. The symmetric group 

e = lim 6„ 

neNo 

acts naturally on this i?-algebra by permuting the variables Aj. We define 

Afl := R[Xi, A2, . . . ]® , 
i.e. Kft, is the i?-algebra of ©-invariants of the polynomial ring. 

Definition 6. The i?-algebra Kr is the (completed) ring of symmetric functions 
over R. 

Example 1. The n-th elementary symmetric function in the A^ is an element in Kr. 
It is denoted by c„, i.e. 

C30 00 

i=0 1=1 

in A/v with dcgCj = 2i. 

Remark 4. By the theorem of elementary symmetric functions, the homomorphism 

-R[ci,C2, . . .] ^ Afl 

of i?-algebras that map the (formal) variable Ci of degree 2i to the n-th symmetric 
function Cj is an isomorphism. 
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Consider the (completed) tensor product Aij^^ A^. To distinguish between the 
first and the second factor, let us decorate the variables coming from the second 
factor with a prime, e.g. we write A^. Thus we have 



Afl. i^B. — i? [Ai , A2 , . . . , A'l , A2 , . 



iSxe 



Similarly, everything else arising from the second factor, e.g. any elementary sym- 
metric function, is primed. 

Remark 5. There is a unique homomorphism 

Ar<»rAr Ur 

of _R-algebras mapping X^i^i -^f to Pn and X^i^i &„ for all n £ N. This 

homomorphism is a monomorphism. By virtue of this homomorphism, we view 
Ar <S)r Ar as a subring of Ur. 

We make use of this identification in the following theorem: 

Theorem 1. Let /, /' G 1 + a;i?[[x]] be two power series in R with fo — fo — 1 
Then 

00 00 

is a multiplicative characteristic class in Ur. 

On the other hand, every multiplicative class in uniquely given by such a con- 
struction. 

Proof. This result is classical for complex manifolds without marking. See again [5]. 
To see that 7 — Hi^i fi^i) ' Yl^i f'iK) multiplicative, we write 



= exp ^(a„p„ + a',fe„) 



, n>l 



with log/ = J2n 

and log/' = J2n>i^'n^"- Then one calculates 7|(*,o) 

exp(O) = 1 and 

l\{X,a) + iX',a') = exp ^ ((a„p„ + a'„bn)\{x,a) + (flnPn + aji&n) | (X' ) 

l\{X,a) ■ 7l(X',a')- 

It remains to prove the implication in the other direction. So let 7 e Ur be 
a multiplicative class. From 7|(*,o) = 1 it follows, that the logarithm log 7 G Ur 
exists. Let 

m : H*{X",R) ~ H*{X, i?)®" ^ H*{X, R) 
be the multiplication map given the cup-product. As 7 is multiplicative, we have 

"^ (log7|(x,a)") = n (log7|(x,a)) ■ 

Any power series (with trivial constant term) in the pi and bi that fulfills this 
equality in place of log 7, has to be linear in the pi and hi. Thus log 7 is an i?-linear 
combination of the pi and bi, which proves the other direction. □ 

Example 2. The total Chern classes c :— 1 + C1 + C2 + . . . and c' :— 1 + c'i + C2 + . . ■ 
are multiplicative classes. 
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4. The Hilbert schemes of points on surfaces 

4.1. Nakajima's creation operators. Let X be a complex surface. For each 
n e No we denote by X^'"^ the Douady space (see PJ) of the zero-dimensional 
subspaces of X of length n, i.e. holomorphic maps from a complex space S to X^"! 
parametrise subspaces Z of S x X such that the restriction p\z '■ Z X^^'^ of the 
projection map S* x X — > is flat and finite of degree n. 

In case X is an algebraic surface, the Douady spaces are algebraic as well. In 
fact, they are the corresponding Hilbert schemes of points on X viewed as a scheme. 
By abuse of notion, we shall not distinguish between the two notions: 

Definition 7. The space X^"! is the Hilbert scheme of n points on X. 

Example 3. It is Xl*^! = *, the complex manifold consisting of one point, and 

For each point ^ e X^'^\ we denote by supp<^ — suppOj its support which 
is a finite subset of X whose cardinality lies between 1 and n. Given two zero- 
dimensional subspaces ^ and ^' of X with supp^ C supp^', we denote by X^^^t the 
kernel of the natural epimorphism O^' . 

The identity X^"! X^"! corresponds to a subspace S" of X^"! x X such that 
the restriction pjs" : S" Xl"l of the projection p : X^"! x X ^ X^"! is flat and 
finite of degree n. We denote its structure sheaf by 0„ and use the same symbol 
to denote the corresponding quotient sheaf of OxMxx on X X. 

Definition 8. The space S" is the universal family over X^"!. 

We generalise this subspace as follows: Let n, I G Nq be two natural numbers. 
By 5"'' we denote the reduced subspace of x X^'l x X whose support is the 

closure of the subset 

e X['+"l X XW X X|suppX5,e C {x}} 

We denote the projections of x X^'l x X uniformly by p, q and r as given 

in the diagram 

X X X — ^ X 

The restriction pIh^,! : S"'' of p is proper. Thus a push-forward 

operator 

p*(-n[S"^']) :i7*(X['+"l xXW X ^ 

is well-defined. We use this map to construct Nakajima's creation operators in the 
sequel. 

In order to do this, it is convenient to consider all Hilbert schemes of points of 
X at once. For this, we define 

oo 

HilbX := 

The total cohomology space (up to some shifts to make it completed graded) is 
given by 

oo 

HrX ■.^W^H*{X^^\^R)[-2l]. 

1=0 
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There are (at least) two distinguished elements in this cohomology space: One 
of them is the unit |1) of the (unshiftcd) cohomology ring, which is given by the 
infinite sum of the units in each H*{X^'^^ , R), and the other one is the so-called 
vacuum |0) that is the image of 1 G H*{X^°\R) = R) = R in UrX. 

Elements in the subspace H* (X^'-^ R)[-2l] of H*{mihX,R), I G Nq, are called 
elements of weight I. 

Given n e N, let 

(?„ : H*{X,R) EndH/jX 

be the operator- valued linear map such that for each a G H* (X, R) the restriction 
of Q„(a) G EndHflX to H*{X^^\R) is given by 

g„(a) : H*{X^'\R) ^ H*{X^'+^\R), /3 ^ p^{{r*a U q*f3) n [S"^']). 

Given rii, . . . , G N, we set 

<Z„, o . . . o : H*{X, EndHflX, 

ai (g) • • • (g) a„^ qniiai) o • • • o q„^{ar), 

and for a partition A = (Ai, . . . , A^) of length r, we set 

qx:H*iX,R)^EndnRX, 

a (qm o • • • o (7„J(5,a), 
where S : X —i- X^ is the diagonal map, inducing a push-forward map 
(5, : H*{X, R) H*{X\ R) ~ H*{X, i?)®'' 

on cohomology. 

Definition 9. The operators g„(a) and q\{a) for a G H*{X,R), n G N and A G P 
are Nakajima's creation operators over X (and R). 

Remark 6. For homogeneous a, the operator q\{a) is an operator of degree 

dega-f 4||A|| -h2|A| -4 

(and weight 2||A||). 
Set 

NH*{X,R) := H*{X,R)[-2n]. 

The image of a G H* {X, R) in NiJ * (X, R) under the inclusion map corresponding 
to a positive natural number n is denoted by g„(a), which is not to be confused 
with the operator qn{ct) G EndH^jX. Finally consider the symmetric algebra 

TVijX := 5fl(NiJ*(X, R)). 

(The "N" stands for Nakajima.) 

Theorem 2. The R-linear map 

NrX HrX, qniiai) ■ ■ .qn,X'^r) {qniia^i) o • • • o q„^{ar))\0) 

is an isomorphism of R-modules. 

In particular, any two creation operators commute (in the super-sense, of course) . 

Proof. The reader may find the original proof in |12j . □ 
Example 4. It is 

|1) =exp(gi(l))|0). 
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The multiplication morphism (iVi^X)®" — > NrX of the i?-algebra NjiX induces 
via the isomorphism in Nakajima's theorem a "multiplication map" 

M : (H^X)®" ^ H^X, 

which is not the cup- product. 

We can express the Poincare pairing on the cohomology of the Hilbert schemes 
of points on a compact surface X in terms of the creation operators as follows: 

Proposition 1. Given ai, ar, Pi, (3s G H*{X,R) and natural numbers 
mi, . . . , m^, ni, . . . , G N we do have 

{q,m{ai) ■ . .9,„,(ar)|0),g„i(/3i) . ..qnSPr)\0)) 

S 

a:{l,....s} i=l 
^{l,...,r} 

where the brackets denote the Poincare pairing onHf/X and H*{X, R), respectively, 
and the sum runs over all bijections. The sign is the Koszul sign arising from 
reordering the ai and Pi. 

In particular, the pairing vanishes if r ^ s or each index of a creation operator 
does not occur with the same multiplicity on both sides. 

Proof. There are adjoint operators to the creation operators acting on HjiX, called 
annihilation operators. Nakajima calculated commutators, which are fundamental 
for the study of the cohomology of the Hilbert schemes, between the creation and 
annihilation operators. From these commutation relations, one can deduce the 
above result. The way to do this can be found in ^01 (see in particular the first 
paragraph in section 6). □ 

In the sequel we need a simple fact following from this description of the Poincare 
pairing. This fact is stated in the following lemma where we also assume that X is 
compact. Let further ai, . . . , Q!„ S H*(X, R) be linearly independent cohomology 
classes on the surface. We choose classes Pi, . . . ,Pn such that {ai, Pj) = Sij for i,j£ 
{1, . . . , n}. For each r > 1 we set /3[ := p*P where p : X^ — > X is the projection 
onto the first factor. Recall the push-forward map (5* : H*{X,R) H*{X'^,R). 
We set a\ := S^{ai). One verifies that {Pl,aj) ^ if i — j and s = r and zero 
otherwise. For each partition A = (ni, . . . , Ur), we finally set 

q\{Pi) {qni o • • • o g„J(/5[) 

for i G {1, . . . , n}. 

Lemma 2. Given partitions Xi, . . . , Xr, fii, . . . , ^is o-nd maps p : {!,..., r} 
{1, . . . , n} and a : {1, . . . , s} — > {1, . . . ,n}, the expression 

{q\APp{i)) ■ ■ ■ ^A,(/3p(r))|0),(?^i(a^(i)) . . . gp^(a^(^))|0)) 

is non-zero if and only there is a bijection r : {1, . . . ,r} — > {1, . . . , s} such that 
Xi Hr(i) and p{i) = cr(T(i)). 

Proof. This follows from the previous proposition and the orthogonality of the Ui 
and Pi. □ 

4.2. Hilbert schemes of marked complex surfaces. For each marking a S 
H*{X, R) on a complex surface X and each n E Nq, we set 

a["l :=p4ch(C'H")Ug*(td(X)Ua)), 
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which is a marking on Xl"!, which depends i?-hnearly on a. The corresponding 
marked complex manifold is denoted by 

Definition 10. The marked complex manifold (X, is the Hilbert scheme of n 
points on {X, a). 

Again, it is a good idea to consider all these spaces at once, so we set 

oc 

Hilb(X,a) :=^(X,a)["l. 

The function Hilb(-) works like an exponential. By this, we mean the following: 
Proposition 2. Let {X,a) and {Y^(3) he two marked complex surfaces. Then 

Hilb(0,O) = (*,0) 

and 

Hilb((X, a) + (r, /?)) Hilb(X, a) ■ Hilb(y, /3). 

Proof. From the fact that a zero-dimensional subspace oi XWY oi length n is given 
by a pair of a zero-dimensional subspace of X of length p and a zero-dimensional 
subspace of Y of length q with p + q ~ one proves that 

(xnr)["i = Y[ X 

p+q=n 

see e.g. U. Furthermore, the universal family over {X 11 restricted to the 

component X^p^ x Y^'A 

is given by 

(sp X yM) n (xi^'i X T-?) c (xW X X X yM) n (xifi x x y), 

where is the universal family over X^^l and T'' is the universal family over y^'l . 
Thus by definition of {a + /3)'"', its restriction onto the component X^^ x yl'^l is 
given by 

alfl M 1 + 1 H/jM e X yM,i?). 

Summing all up, this yields the claimed formula. □ 

Let n e Nq. Given a marked complex surface (X, a), we may consider the n-fold 
sum n{X,a), which is again a marked surface. The previous proposition tells us 
that 

Hilb(n(X,Q)) ^ Hilb(X,a)". 

In particular, we have 

YiR{n{X,a)) = (H^(X,a))®". 

Recall the i?-linear map : (H^X)®" — > ^rX given by Nakajima's description 
of the cohomology space in terms of the creation operators applied to the vacuum. 
This give us thus an i?-linear map 

M:H^(n(X,a))^Hfl(X,a). 

We shall need this map in the next section. 
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5. Universal formulas 

Consider the Q-algebra 

A := Q[K, e, ao, ai, a2, as, a^] 

with degK = 2, dege = 4 and degaj = i. Let A-^ be the ideal generated by the 
elements of degree five or more in A. We set 

Vr:=R^q {A/A^^). 

The element K e Vr is called the universal canonical class, the element e e Vr is 
called the universal Euler class. 

Definition 11. The i?-algebra Vr is the universal cohomology ring for marked 
complex surfaces over R. 

This is due to the following: Given a marked complex surface {X, a), there is a 
unique homomorphism 

Vn^H*iX,R), 7^7l(x,a) 

of i?-algebras with 

K\(^x,a) = -ci(9v), (i\{x,a) = C2(6v), and ai\(x,a) = 

Consider a Q-algebra S. A (virtual) marked compact complex surface {X, a) in 
the 5-algebra of marked complex surfaces is called versal if the homomorphism 

Vr^H*{X,R), ^7l(X,a) 

is a monomorphism. There arc versal marked surfaces. They can be constructed 
by taking a sufSciently general linear combination of copies of P^, x P^, C^/Z'*' 
and P^ X C/Z^ with sufficiently general markings. 

Lemma 3. Let 7,7' e Vr with 7|(x,a) = 7'l(x,a) /o*" all marked complex surfaces 
{X,a). Then^ = y. 

Proof. This follows by evaluating 7 and 7' on a versal marked surface. □ 
Consider the -R-algebra 

FVr := n ^ii[-2||A||]. 

AeP 

The canonical injection from V PVr corresponding to the factor indexed by a 
partition A e P is denoted by 

Vr^PVr, vi-^qx{v). 

An element in PVr is called an element of weight I, I G Nq, if it is a (finite) sum 
of elements of the form qx{v) with ||A|| = I. 
We set 

Qr := SRiPVR). 
Note that PVr becomes a subspace of Qr. 

Definition 12. The -R-algebra Qr is the universal creation operator algebra of the 
Hilbert schemes of points of marked surfaces over R. 

The algebra Qr is universal in the following sense: Given a marked complex 
surface {X,a), there is a unique homomorphism of i?-algebras 

QR-^End{IlRX), q'-^q\(x,a) 

mapping qx{v) for v e Vr and A G P to q\{v\^x,a))- 

Lemma 4. Let q,q' G Qr with q\(x,a) = Q'\(x,a) for all marked complex surfaces 
{X,a). Thenq = q'. 
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Proof. We may assume that X is a versal surface. Then {ao, . . . , Q!4, 1, if , e) € Vr 
maps to a hnearly independent system on H* {X, R) . We choose a "dual system" 
(/3o, ■ • ■ , Z??) as in lemma |21 to this system. Applying this lemma enables us to 
extract the components of q and q' that have to occur with the same coefficients. 
From this, we conclude q = q' . □ 

Recall the definition of q{n) given in the section about notations. 

Lemma 5. Let {X, a) be a marked complex surface and n G Nq a natural number. 
Then 

as operators from (HflX)**" to HrX for all q e Qr. 
Proof. By linearity, we may assume that 

'? = '7Ai(wi)...(?A,K) 

for partitions Ai, . . . , G P and elements vi, . . . ,Vr G Vr. Then 

fj.{qx,{vi) . ■ .q\Avr)\n(x,a)\0)) = ^QXiin ■ Pi) ...qx^{n- /?r)|0)), 
with (3i :— and where 

n 

n-p, :=^(ij-),/? e H*{n{X,a),R)~H*{X,a)®" 

where ij : H*{X,R) — > i?)®" is the injection map into the j-th summand. 

Of course, |0) is the vacuum vector in H„(-jf 

The operator /i "commutes" with the q\ in the sense that 

M ° qXi {n - f3i)^n - qx. {P^) o fi. 

(This follows from 

n 

qi{n ■ /3i)(ei «)•••«) e„) = ^ ei «)••• (g) e^-i ® qi{l3i){ei) (g) Ci+i (g) • • • e„ 

i=l 

for ; e N and ei (g) • • • e„ G Hr(?i • (X, a)) ~ (HrX)®".) 
This gives 

^liqx,{n • A) . . . qx,in ■ /3,)|0)) = n'^(9Ai(/3i) ■ ■ • qxM))iKm) 

= n^'iqx.ivi) . . . qxAvr))\ix,a){K\0)))- 
Together with the fact that acting on |0) is faithful, this yields 

M° 9Ai(l'l) • ■ ■q\rM\niX,a} = '^''('7Ai(wi) • • ■ ^A, (Wr ) ) | (X,a) ° 

□ 

Lemma 6. Let q £ Qji with 

'l(X,a) + (X',a'} = «> id + id (g q\(x\a') 

in EndH/j((X, a) + (X', a')) = End(HRX g) HrX') for two marked complex sur- 
faces. Then q G PVr C Qr. 

Proof. For each natural number n G N and each complex surface {X,a), we have 

m\{X,a) O M = /-iO 9|n(X,a) = ° M 

as maps from (HrX)®" ^ H/j'(X), where the first equality is due to the assumption 
and the second due to the previous lemma. It follows that nq\(^x,a) = '?(")|(x,q) and 
thus nq = q{n) for all n G N. This means that q{n) is linear in n, i.e. q G PVr. □ 
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Theorem 3. For each characteristic class 7 of marked complex manifolds, there 
exists a unique class 9(7) ^ Qb. such that 

9(7)l(X,a)|l) = 7lHilb(X,a) 

for all marked complex surfaces (X, a) . 

Proof. In 2 , it is stated that each polynomial tt in the Chern classes of tautological 
sheaves u^ l of the Hilbert schemes of points on a surfaces can be expressed by a 
"universal formula" . In our language, this means that there exists a q £ Qr such 
that 

n>0 

for all complex surfaces X and each "sheaf" u S K{X). (In fact, the results in |2] 
are only stated for algebraic surfaces, however, the result generalises easily.) 

We may generalise this result even further: The theorem in [2] remains true 
if we substitute ch(u) by an arbitrary class a € H*{X,R) (however, one has to 
start to keep track of the "Koszul signs" arising), i.e. for each polynomial tt in the 
cohomology classes a^'\ there exists a q € Qr such that 

5]7r(a["l) = 9|(x,a)|0) 

n>0 

for each marked complex surface {X,a): 

An analogous statement holds true for polynomials in the Chern classes of the 
tangent sheaves of the Hilbert schemes of points on a surface, which is also proven 
in 0. Thus, everything holds true for "mixed" polynomials in the a^ l and the 
Chern classes of the tangent sheaves, and thus, via completion, for 7. 

This proves that there exists a 5(7) with 

9(7)l(X,a)|l) = 7Hilb(X,a)- 

(Recall that |1) = exp(gi(l))|0).) The uniqueness of q{j) follows from lemma01 □ 

Corollary 1. Consider the universal Chern character ch G Ub and the universal 
marking a G Ur. It is q{ch) G PVr C Qj? and q{a) G PVr C Qr. 

Proof. We apply qich)\^x.a)+{x' .a') to the unit, which gives: 

q{ch)\^x^a.)+iX',a')\^) = ch(Hilb((X,a) + (X',a'))) 

= ch(Hilb(X, a) ■ Hilb(X', a')) 

= ch(Hilb(X, a)) ® |1) + |1) ® ch(Hilb(X', a')) 

= {qich)\(x,a) «iid + id(g)g(ch)|(x,^a/)) |1). 

This proves the statement for q^ch) by the previous lemma. 

The proof of the statement for q{a) is virtually the same, so we shall omit it. □ 

Corollary 2. For each multiplicative characteristic class 7 of marked complex man- 
ifolds, there exists a unique class log 9(7) G PVr such that 

exp{\ogq(j)) = 9(7) 

in Qr. 
Proof. It is 

9(7)1(0,0) |1) = 7lHiib(0,o) = 7l(*,o) = 1, 
thus (7(7) G 1 + (PVr) • Qr C Qr Therefore, there exists a log (7(7) £ Qr with 
exp(logg(7)) = 9(7). 
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It remains to show that log (7(7) G PVr C Qr. This foUows from the previous 
lemma since 

log'7(7)l(X,a) + (X',a') = l0gg(7)l(X,a) id + id (g) log (7(7) | (jf / . 

This in tm'n is due to the fact that 

q{l)\(X,a) + {X\a')\'^) = 7|Hilb((X,Q) + (X',Q')) 
— 7lHilb(X,a)-Hilb(Jf',a') 
= 7lHilb(X,Q) ® 7lHilb(X',Q') 
-'?(7)l(X,a)|l)'^9(7)l(X',a')|l> 
{q{l)\{X,») ® q{l)\(X' |i) 

for marked complex surfaces {X,a) and {X' ^a'). □ 

Let L -.Vr ^ Vr be the homomorphism of i?- algebras that maps to ii', e to 
e, a2i to ^"^-^ for i e {0, 1, 2} and ai and as to zero. In particular 

L{a) = exp(a2) 

with a — X]i=o '^i- This homomorphism induces homomorphisms of PVr and Qr, 
which will also be denoted by L. 

Proposition 3. Using the homomorphism L, we can formulate the following partial 
result on q{c') S Qr, namely 

L{\ogq{c')) ^ V g,„(l + as) - <zi(l). 

^ — ' m 

m—l 

Proof. It is 

L(logg(c'))|(x,a)|l) = logg(c')|(x,oxp5)|l> = ^c\(^x,a)M 

with 5 := exp(Q;2). We may assume that 012 is algebraic, i.e. 02 = ci(£) for a 
invertible sheaf £ (from which S = ch(£) follows). Then the proposition follows 
from Lehn's theorem 



^c(£["l) =exp J2 '-^^qm{ciiC))\\0). 

n>0 \m=l / 

given in P as c(£["l) = c'|(aN). □ 

Corollary 3. Given a marked complex surface {X,a) with a = exp(5) for a class 
S e H'^{X, R), we have 

^ <Zm(l+'^) 1 |0). 

m=l / 

□ 

6. The Hilbert scheme of the affine plane 

Let 7 € Vr be a multiplicative characteristic class, i.e. 7 — Jli^i fi^i) f^i' ^ 
uniquely determined power series / e 1 + a;i?[[x]]. 
We define a power series g € by 

i.e. is the compositional inverse of the power series jj^p^jj-z^- In particular, 

g is an odd power series. 
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Let A : Vr ^ Vr he the homomorphism of i?-algebras that maps K and e to 
zero and a to 1. The i?-hnear map PVr PVr that maps q\{v) to q\{A{v)) for 
|A| = 1 and q\{v) to zero for |A| > 1 wiU also be denoted by A. This map in turn 
induces a homomorphism of i?- algebra A : Qji — > Qr. 

Theorem 4. Using the homomorphism A, the following partial result on 9(7) € Qr 
holds, namely 



A{\ogqij)) = Y.' ^ 
k>l 



g] ■qk{l)-qi{l). 

t=0 



Proof. The proof follows the strategy also used in 0. First of all note that 
A{q{-f))\x,»\l) = g(7)l(c2,o)|l) = 5I'^l(c^o)H- 

n>0 

Thus the proof of the theorem reduces to calculating multiplicative classes on the 
Hilbert schemes of points on the affine plane. By corollary [21 the right hand side 
can be written as 

n>0 \*:>1 / 

for certain gk G R- The reader may wonder why no qx{^) with |A| > 2 appears 
on the right hand side, but these q\{l) act trivially on Hc2 as (5* : H*{C^,R) — > 
H*{{C'^Y,R) is the zero map for r > 2. 

Thus it remains to calculate the gk that appear above, in fact to prove that 
g = J2k>i 9kt^ ■ Restricting the previous formula to the classes of (maximal) degree 
rt — 1 on each Hilbert (C^)["l scheme yields 

Xl5fe9fc(l)|0) = Xl(^"-i)l(c^o)H 

fe>l n>0 

where 7„_i is the component of 7 of degree n ~ 1. As explained in P], this follows 
from the fact that i?'^((C2)N^ i?) = for r > n. 

Looking in Jj, we find the following formula in the proof of theorem 5.1: 



Cn-l|(C2,0)H 

h{X) \ (n- 1)! 



1 / 1 



l|A|h 



•X(„) • V) •9n(l)|0), 

where the symbols D{X), h{X), h{x), and are defined in P (or |2j). (This 
formula follows from theorem 4.2 in 

Slightly generalising this formula by replacing the Chern class c„_i by 7„_i, 
which amounts to replace the power series 1 + a; by the more general /, yields 

7n-i|(c^o)H = E ^A) (n-l)!fe"-i , n imw)x)f{-h{w)x)) 

\\X\\=n ^ ^ \ ^ ' ^=OweD(X) 

•X(„)-<)-9n(l)|0). 

(Already in j^J is has been stated that similar formulas hold true for more than just 
the total Chern class.) 
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We proceed as in [5], noting that 

(-1)'* for A = (n - s, 1, . . . , 1) and < s < n 







otherwise 



and that — n, {h{w) : w G D{X)} = {1, . . . , s, 1, . . . , rt — s — 1, n} (with 

multipHcities) and h{X) = s! • (n — s — l)!n for a partition A of n the form A = 
{n — s,l, . . . ,1), < s < n. This simphfies the above expression for 7ri-i|(c2.o) to 

7n-l (C2,0)H = 0) • > 



— ' 71 • s!(rt — 1 — s)! 

s=0 ^ ' 



( 



gn 



{n~ 1)! (9a;"-i 

V 

9n(l) 



n {f{k-x)-f{-k-x)) 

^=0 ke{i,...,s, 

l,...,n — 1 — s.n} ^ 



0) 



1 



9^ 



— 1 



n (n — 1)! dx^^ ^ 

n-l 



E 



n ■ s\(n — I — s)\ 

s=0 ^ ' k=~{n-s) 

By lemma |S1 (to be found in the appendix) this gives 



/(n • x) ■ f{-n ■ x) 



n {fik-x)fi-k-x)). 



7n-l|(C2,0)["l 







n! dx^' 



(/(^) • fi-x)y 



x=0 



As f{x)-f{—x) is an even power series, we can leave out the sign (—1)""^. Together 
with the Langrange Inversion Theorem, see proposition 0] in the appendix, this 
yields 

n>0 fe>l 

which is all that remained to show. 



fc! dt^ 



9] •ft(l)|0) 



□ 



Corollary 4. Consider the marked complex surface (C^,0). We have 



7lHiib(c2,o) = exp ^ 



1 



9{t) ■ gfe(l) 



□ 



Example 5. Let 7 = c be the total Chern class. Then f = 1 + x and thus 



g = ^ ^l'^ + arcsin(2<) = 

n=0 



1 



2t 



(n + 1) -(271+1) 



t 



2n+l 



By the previous theorem, this gives 



^(logg(c))^^ 



(-1)" /2n\ g2n+l(l) 



71+1 \ 77. 



271+1 



91(1)- 



This formula is one of the main results in 

Example 6. Let 7 = 5 = c^^ be the total Segre class, i.e. / = (1 + x)^^ . Thus 

|(x.(l-a:^))=.(l-.x^)-i. 
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By the Lagrange Inversion Theorem, we have 



1 / 3n\ 2 



and therefore 



n>0 

This example is new. 

Example 7. Let 7 = Vtd be the square root of the Todd class, i.e. / = 
Then 

where Shi(y) := ^' dr] is the hyperbohc sine integral. Therefore 

n>0 V ' / 



This example is new. (The calculation for td instead of V td leads to a much more 

complicated result.) 

Remark 7. As every product of Chern classes occurs in a suitable multiplicative 
class (e.g. 7 = nij=i(l + ^^i^j) ^ with R = Q[ti,t2, ■ ■ ■]), we can use the above 

corollary to calculate any characteristic class of the Hilbcrt schemes of points on 
the affinc plane; in terms of Nakajima's creation operators. 

We turn now from the tangent bundle to the multiplicative classes built up from 
the bf. Let 7 e Vr be a multiplicative characteristic class of the form 7 — Hi^i fiK) 
for a (uniquely determined) power scries / € 1 + a;i?[[a;]]. 

We define a power series 5 G by 



i.e. — i§f is the compositional inverse of the power series —jj^- 

Theorem 5. Using the homomorphism A, the following partial result on 9(7) e Qr 
holds, namely 



k>l 



g{t) ) •%(!)- ?i(i). 

t=0 



Proof. We have 



A{q{j))\^x,a)\i) = a(7)l(CM)|l) = X]'^I(CM)W- 

n>0 

Thus again, everything boils down to calculating universal classes on the Hilbert 
schemes of points on the afHne plane. As in the proof of the previous theorem, we 
have to show that 

k>l n>0 
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with g = Y^k>i9kt'' ■ "^^^ right hand side of the equation is in fact a sum of 
characteristic classes of the tautological bundles O^"! as ch(C'["l) = fl"! (note that 
ch(C) = 1). To be more precise, it is 



7n-l|(C2,l)H 



[n - 1)! 



where e!j"' , . . . , ejT' are the Chern roots of O'"! . 

From here, we continue as in the proof of the previous theorem. We just have 
to replace the tangent bundle by the tautological bundle. By [T1, we have 



7n-l|(C2,l)["l = X! 



d 



:iAii=« 



h{\) \ 



n /('^H^ 



X(„)-<)-9n(l)|0), 



where the symbols have the same meaning as in the proof of the previous theorem. 
(Again, we have replaced the total Chern class by an arbitrary multiplicative class.) 
Doing the same calculations as above, one eventually arrives at 



(/(^)r- 



x=0 



5 •%(1)|0) 



Again by the Langrange Inversion Theorem this yields 
5^7«-i|(CM)M=E(^fc!9^ 

n>0 fc>l ^ 

which again is all that remained to show. 

Corollary 5. Consider the marked complex surface (C^, 1). We have 

1 



t=o 



□ 



7lHiib(CM) = exp E 



L fc>l 



kl dt^ 



9]-qk{i) |o) 



Remark 8. From this result, one can deduce a formula for 

7lHilb(C2,r) = ,'■'"') 
ri>0 

for each r g Z, as 7(X["l,r["l) = 7(X["1, ll"!)''. From this one can conclude that 
this formula holds for all r e i?. 

We do this in the following example: 

Example 8. Let r e Z and let 7 ~ c"", i.e. / = (1 + xY . Then 

^^[x-{i-x)-^)^{i-xr. 



By the Lagrange Inversion Theorem, 



E 

ri>0 



By the theorem, this gives 



A(iogg((cr)) = E 



(-1)' 



n>0 



rn 
n-1 



rn 
n- 1 



qn{l) 
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and by the corollary, 



, (-1)"-^ f rn \ g„(l) , 
c |(c=,.) = 7l(cM) = exp n —— • ( _ J • — — |0), 



n - 1 

which is an instance of Lehn's formula for r = 1, i.e. corollary |3 applied to 5 = 0. . 
The case r > 2 appears to be new. 

Remark 9. One can use the previous corollary to obtain a complete description of 
the ring structure of the cohomology ring of the Hilbert schemes of points on the 
affine plane. (This has be studied successfully before, see 
To understand this, consider the power series 



k>l 

with R := Q[pi, p2, ■ ■ ■ , p'l, p'2- ■ ■ ■]■ There is a unique power series / e 1 + xi?[[a;]] 
such that 

Let 7 := Hi^i fi^'i) t>e the multiplicative class defined by /. Then 
7lHiib(x,a) = exp ^{pk + Pk) ■ Qkil) |0), 

Vfc>i J 

i.e. 7|(x,q) can be seen as a universal cohomology class in Hc2 as every class in 
Hc^ can be written as a sum of polynomials in the qk{l) acting on the vacuum |0). 

Now, 7^ is another multiplicative class, which is defined by and which applied 
to Hilb {X, a) gives 

7'lHiib(Xa) =exp lj2^Pk+Pk)-qk{l) \ |0)-exp K](pfe + p^) • |0), 

\k>l J \k>l J 

which includes all cup-products of all polynomials in the 9^(1) acting on the vacuum. 
Now let h E tR[[t]] be the unique power series with 

Then 

exp (^{p, + p',) ■ gfe(l) j |0) j = exp (^E ( M^)) ' 9.(1) j |0). 

Thus, we can effectively calculate all powers of the universal cohomology class, 
which encodes completely the ring structure. 

Appendix A. Lagrange Inversion Theorem 

For the convenience of the reader, we state the Langrange Inversion Theorem 
(also called Lagrange expansion) in the form in which it is needed in the main text. 
For a proof of the general statement see e.g. |14| . 

Let / G 1 + a;i?[[x]] be a power series and define g E tR[[t]] such that 

dg_ f x\ ^ r 
dt \f) ^' 

i.e. such that is the compositional inverse of j. 
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Proposition 4. The power series g is given by 



r • 



x=0 



□ 



Appendix B. Two algebraic identities 



The following identity holds true in the domain of the rationals for all m G Nq 
and < p < m: 



Lemma 7. It is 



Proof. Observe that 



{-lysP _ jo forp<m 
^s!(m-s)! forp = m. 



E 



s=0 



E 



{-lysp 



^s!(m — s)! ^s\(m — sy. 



E 



(-x)"sf 



p m 

E 

s=0 



s!(m — s)! 



m! V'^rfa; 



x=l 



where a; is a formal variable. As 



is divisable as a polynomial in a; by (1 — x) for p < m and 

d 



dx 



(1 - x)'" = m! • a;" + / 



where / is a polynomial divisable by 1 — x, the lemma follows. 



□ 



Let / G 1 + a;R[[x]] any formal power series with constant coefficient one. For 
each n £ Nq define the formal power series 



i-iy 



n /(^ 



„ s\(n — s)\ 



in 1 + xi?[[x]]. 

Lemma 8. The power series P„ has leading term (—1)" ( |j._o /"^^) "^"j 

fn+l\ .a;"+0(a;»+l). 



d 



x=0 



Pn = (-1)" 

Proof. First of all, we consider the logarithm 

log f = Y,FiX 



i=l 
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with certain coefficients Fj € i? as a formal power series in xi?[[a;]]. This enables us 
to write 



n /(fc-ar)=exp ^ (log/)(fc-a;) 



fc— — (n— s) 



L /c— — (n— 5) 



= exp 5^ E ^i^'^ 

\ 1 k— — {n — s) 
/ 00 / - - 

= expK^FixM5^fc^ + ^(-fcy 



\i=l 



k=l 



Recall the classical summation formula involving the Bernoulli numbers. These 
show, that terms like Y%=i can be expressed as polynomials in s of degree i + 1, 
in fact 



fe=i 



1 



i + l 



1 



where ". . . " denotes term of lower degree in s. Similarly, one has 



fe=i 



(-1)' 



i + l 



Summing up yields 



Thus, we have 



^fc^ + ^(-fcr = (n+lK + .... 



fe=l 



fe=l 



n f{k-x)=e^^\Y,{{n + l)F,x\s^ + ...)) \ = r^\s ■ x) + g{s,x) 

k= — (n—s) \s=l / 

for a power series g e i?[s][[a;]], in which we collect all the ". . ."-terms. In each 

homogeneous component of g the exponent of s is strictly less than the exponent 
of X. Plugging this into our definition of Pn, we arrive at 



{-ly 



— ' s!(n — s)\ 



r+\s-x)+xg{s-x). 



In order to complete the proof, we have to differentiate this expression up to n-times 
with respect to x. So, let < p < n. Then 



1 d 
p[ dxP 

The term 

pi dxP 



{-ly 1 d 



x=0 



p =v 

" ^ sK" - sy. p! dxP 



ir+\s-x)+xg{s-x)). 



x=0 



x=0 



jn+1 (^s-x) is of degree p (or less) in s, the term ^ ^ xg{s 



x=0 



x) is of degree strictly less than p in s. Therefore, in view of the previous lemma, 
we have 



1 d 
p\ dxP 



x=0 



for p < n. 



□ 
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